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A systemati proedure to derive shell models for MHD turbulene is proposed. It takes into
aount the onservation of ideal quadrati invariants suh as the total energy, the ross-heliity
and the magneti heliity as well as the onservation of the magneti energy by the advetion term
in the indution equation. This approah also leads to simple expressions for the energy exhanges as
well as to unambiguous denitions for the energy uxes. When applied to the existing shell models
with nonlinear interations limited to the nearest neighbour shells, this proedure reprodues well
known models but suggests a reinterpretation of the energy uxes.
PACS numbers:
I. INTRODUCTION
Understanding the existene and the dynamis of the
magneti eld of the Earth, of the Sun and, in general, of
other elestial bodies remains one of the most hallenging
problems of lassial physis. Astronomial and geophys-
ial observations have provided many insights into these
phenomena [1, 2, 3℄. Laboratory experiments [4, 5℄ have
onrmed that generation of magneti eld (dynamo) an
take plae under various irumstanes, and lead to a
variety of omplex behaviours. However, analytial ap-
proahes of this problem are extremely ompliated while
numerial eorts are limited to a range of parameter
spae that is often quite distant from the realisti sys-
tems. For instane, in ertain astrophysial bodies as
well as in laboratory experiments, the kinemati visos-
ity ν of the uid is six orders of magnitude smaller than
its resistivity η. The two dissipation proesses therefore
takes plae at very dierent time sales. This property
makes diret numerial simulation of dynamo intratable.
Due to this reason we resort to simplied models.
Shell models speially belong to this lass of simpli-
ed approahes [6℄. They have been onstruted to de-
sribe interations among various sales without any ref-
erene to the geometri struture of the problem. They
were rst introdued for uid turbulene with the quite
suessful GOY shell model [7, 8℄ and have been extended
to MHD turbulene [9, 10, 11, 12℄. In shell models, dras-
tially redued degrees of freedom (usually only one om-
plex number) are used to desribe the entire informa-
tion provided by a shell of Fourier modes in wavenumber
spae. This approah redues the desription of turbu-
lene from a partial dierential equation to a redued set
of ordinary dierential equations and provides a simpli-
ed tool for studying the energy and heliity exhanges
between dierent sales at a signiantly redued numer-
ial ost.
The present work aims at deriving the expressions for
the energy uxes and the energy exhanges for magne-
tohydrodynami (MHD) turbulene in a systemati and
onsistent manner. Then we apply this sheme to study
energy transfers in a shell model of MHD. This approah
follows quite losely the previous eorts in whih uxes
and energy exhanges have been identied for the om-
plete MHD equation. However, in these works [13, 14℄,
energy exhanges between two degrees of freedom have
been determined from the triadi interations up to an
indeterminate irulating energy transfer. The strategy
adopted in the present paper is somewhat dierent. Here,
we derive the energy transfer formulas from the energy
equations by identifying the terms that partiipate in
these transfers. This proess also involves various sym-
metries and onservation laws of the ideal (dissipation-
less) equations. For example, the energy transfer from
a magneti eld shell to another magneti eld shell is
ditated by the onvetive term of the indution equa-
tion that onserves the total magneti energy. One of the
main advantages of the present formalism is that we need
not worry about the indeterminate irulating transfer
appearing in the related past work by Dar et al. [13, 14℄.
The dynamo proess involves growth of magneti en-
ergy that is supplied from the kineti energy by the non-
linear interations. As we will show in the paper, a
lear and unambiguous identiation of the various en-
ergy uxes and energy exhanges between the veloity
and the magneti elds is very important in the study of
dynamo eets. This is one of the main motivations for
the development of the present approah. The approah
is also expliitly applied in Setion IV to the derivation
of the GOY shell model to MHD [12℄.
An outline of the paper is as follows: A general for-
malism for expressing the various onstraints satised by
the nonlinearities in the shell models is disussed in Se-
tion II. It is shown in Setion III that this formalism an
be adapted niely to the derivation of expliit expressions
for the energy uxes as well as for the shell-to-shell en-
ergy exhanges in shell model. In Setion IV, we apply
the formalism to the GOY shell model for MHD turbu-
lene [12℄, and study the energy energy uxes for MHD
turbulene. In Setion V, we present our onlusions.
2II. SHELL MODELS OF MHD TURBULENCE
Shell models were rst introdued for uid turbulene
(see for example [7, 8, 15℄). They an be seen as a dras-
ti simpliation of the Navier-Stokes or the MHD equa-
tions whih, assuming periodi boundary onditions, are
expressed in Fourier spae as follows:
duk
dt
= nk(u,u)− nk(b,b)− νk2uk + fk , (1)
dbk
dt
= nk(u,b)− nk(b,u)− ηk2bk . (2)
where uk and bk are the veloity and magneti eld
Fourier modes respetively with wave vetor k. The norm
of this wave vetor is k = |k|. The visosity ν and the
magneti diusivity η are responsible for the dissipative
eets in these equations while energy is injeted through
the foring term fk. The nonlinear term is dened by
nk(x,y) = iP(k) ·
∑
p+q=−k
(k · x∗q)y∗p , (3)
where x and y an be either the veloity or the magneti
eld. The tensor P is dened as
Pij(k) =
k2δij − ki kj
k2
. (4)
It projets any eld to its divergene-free part and it is
used sine only inompressible ows are onsidered in this
study (∇·u = 0). In the veloity equation, the projetion
of the nonlinear terms using the tensor (4) replaes the
introdution of the pressure term. In the magneti eld
equation, the nonlinear terms are usually not projeted to
their divergene-free parts. Indeed, the non divergene-
free parts of the two nonlinear terms anel eah other
and the onstraint ∇ · b = 0 is automatially satised.
The writing of the nonlinear term in the magneti eld
equation using the form (3) has been used to stress and
explore the inner symmetries in the MHD equations.
The inompressible MHD equations are known to on-
serve the total energy, the ross heliity and the magneti
heliity. The onservation of these quantities plays a en-
tral role for the derivation of shell models. Similarly, the
onservation of both the kineti heliity and the kineti
energy in absene of magneti eld are used to simplify
further the shell model for MHD. There is however an-
other property that has not been exploited so far: The
onservation of magneti energy by the rst nonlinear
term in the magneti eld equation. Indeed, assuming
periodi boundary onditions, it is easy to prove that
∑
k
nk(u,b) · b∗k = 0 . (5)
The identiation of a similar term in shell models for
MHD will prove to be very useful in determining the en-
ergy exhanges and the energy uxes in the shell model.
The equations of the evolution of the variables in a
shell model are designed to mimi as muh as possible
the MHD equations (1-2). In order to build the shell
model using a systemati proedure, we rst introdue
the partition of the Fourier spae into shells si dened as
the regions |k| ∈ [ki−1, ki] where ki = k0 λi. In this def-
inition, k0 orresponds to the smallest wave vetor. The
number of shells is denoted by N , so that the wave ve-
tors larger than k0 λ
N−1
are not inluded in the model.
Any observable that would be represented in the origi-
nal MHD equation by its Fourier modes xk is desribed
in the framework of the shell model by a vetor of om-
plex numbers noted X. Eah omponent xi of this vetor
summarises the information from all the modes xk orre-
sponding to the shell si. It is also very useful to introdue
the vetor Xi for whih all omponents but the i-th are
zero:
X = (x1, x2, ..., xN ) ∈ CN , (6)
Xi = (0, 0, ..., 0, xi, 0, ..., 0) ∈ CN , (7)
X =
N∑
i=1
Xi , (8)
where the expansion (8) is a diret onsequene of the
denition of Xi.
In the following, the salar produt of two real elds
will be needed for dening various quantities like kineti
and magneti energies, ross heliity, kineti and mag-
neti heliities. Using the Parseval's identity, the shell
model version of this physial spae salar produt is ex-
pressed as follows:
〈X|Y〉 ≡
N∑
i=1
1
2
(xi y
∗
i + yi x
∗
i ) . (9)
Due to the nonlinear evolution of the veloity and the
magneti eld in the MHD equations, any attempt to
design a mathematial proedure that would redue the
desription of these elds to two vetors of omplex num-
bers U and B must lead to losure issues. In the deriva-
tion of a shell model, the shell variables are usually not
seen as projeted versions of the original MHD variables
and their evolution is not derived diretly from the MHD
equations (1-2). The evolution equations forU andB are
rather postulated a priori, but a number of onstraints
are imposed on the shell model. In this setion, the
models are build by imposing on the evolution equations
for these vetors as many onstraints as possible derived
from onservation properties of eah of the terms appear-
ing in the original MHD equations.
Property 1 : the nonlinear term in the evolution equa-
tion for U is a sum of two quadrati terms; The rst one
depends on U only and onserves the kineti energy EU
and the kineti heliity Hk independently of the value of
the eld B; The seond term depends on B only.
Property 2 : the nonlinear term in the evolution equa-
tion for B is a sum of two bi-linear terms; The rst one
must onserve the magneti energy EB independently of
the value of the eld U;
3Property 3 : the full nonlinear expression in both the
equations for U and B hange sign under the exhange
U↔ B;
The dynamial system for the shell vetors an therefore
be written:
dtU = Q(U,U)−Q(B,B)− νD(U) + F , (10)
dtB = W(U,B)−W(B,U)− ηD(B) , (11)
where the term proportional to ν models the visous ef-
fet, the term proportional to η models the Joule eet
and F stands for the foring. The linear operator D is
dened as follows:
D(X) = (k21 x1, k
2
2 x2, ..., k
2
N xN ) ∈ CN . (12)
Now, the onservation laws must be enfored. Assum-
ing inompressibiliity, in the ideal limit and in absene of
foring (F, ν, η → 0), the model is expeted to onserve
the total energy Etot = EU+EB, the ross heliityHc and
the magneti heliity Hm. In terms of shell variables of
the model, the energies and the ross heliity are dened
for the original MHD equation as
EU = 1
2
〈U|U〉 , (13)
EB = 1
2
〈B|B〉 , (14)
Hc = 〈U|B〉 . (15)
The denition of the kineti heliity and the mag-
neti heliity requires the expressions for the vorti-
ity O = (o1, ..., oN ) and the magneti potential vetor
A = (a1, ..., aN ). These quantities are not trivially de-
ned in shell models sine they require the use of the
url operator. Nevertheless, they should be linear fun-
tion of the veloity and magneti eld respetively. The
kineti heliity and the magneti heliity are then dened
as follows
Hm = 〈U|O〉, (16)
Hk = 〈A|B〉. (17)
In terms of onservation laws, the property 1 imposes the
following onstraints that orrespond to the onservation
of the kineti energy and the kineti heliity respetively
by the rst quadrati term in the U equation:
〈Q(U,U)|U〉 = 0 ∀U , (18)
〈Q(U,U)|O〉 = 0 ∀U . (19)
Here, the notation ∀U must be understood as for all
possible values of the shell variablesU as well asO that is
dened by U. The onservation of the magneti energy
by the rst quadrati term in theB equation (property 2)
imposes:
〈W(U,B)|B〉 = 0 ∀U,B . (20)
The onservations of the total energy and of the ross
heliity respetively orrespond to
〈Q(U,U) −Q(B,B)|U〉+
〈W(U,B) −W(B,U)|B〉 = 0 ∀U,B , (21)
〈Q(U,U)−Q(B,B)|B〉+
〈W(U,B) −W(B,U)|U〉 = 0 ∀U,B . (22)
These two onstraints are equivalent sine the seond
is obtained simply from the rst under the exhange
(U,B)→ (B,U). Hene, the general proedure adopted
here shows that in the ideal limit, for a shell model with
the struture (10-11), the onservation of the total en-
ergy Etot implies the onservation of the ross heliity
Hc and vie versa. Moreover, taking into aount the
onstraints (18) and (20), the onservation of the total
energy and ross heliity redues to:
〈Q(B,B)|U〉+ 〈W(B,U)|B〉 = 0 ∀U,B , (23)
Finally, the onservation of the magneti heliity imposes
the ondition:
〈W(U,B)|A〉 + 〈W(B,U)|A〉 = 0 ∀U,B . (24)
Again, the notation ∀U,B must be understood as for
all possible values of the shell variables U and B as well
as O and A that are dened by U and B respetively.
The spei form of the nonlinear terms in the general
shell model (10-11) an not be dened further without
giving expliit denitions for O and A. The hoie of the
interations retained in the nonlinear terms (for example:
rst neighbouring shell or distant shell interations [16,
17℄) must also be made expliit in order to reah the nal
form of the shell model. An example will be treated in
Setion IV.
If the shell model has to reprodue all the symme-
tries of the original MHD equation, the following equality
ould also be imposed:
W(X,X) = Q(X,X) (25)
It is a onsequene of the partiular way of writing the
MHD equations in whih all nonlinear terms, inluding
those appearing in the magneti eld equation, are made
expliitly divergene free through the appliation of the
projetion operation (4). In the example treated in Se-
tion IV, this equality appears as a diret onsequene
of the other onstraints imposed on the struture of the
shell model. Nevertheless, if the present approah is ap-
plied to more omplex shell models for MHD, it might
be interesting to keep the equality (25) in mind in order
to simplify the nonlinearities as muh as possible.
III. ENERGY FLUXES AND ENERGY
EXCHANGES
A. Evolution equations for the shell energies
The kineti and magneti energies assoiated with the
shell sn are dened as e
u
n = 〈Un|Un〉/2 and ebn =
4〈Bn|Bn〉/2. The evolution equations for these quantities
are easily obtained in the invisid and unfored limit:
dte
u
n = T
u
n = 〈Q(U,U) −Q(B,B)|Un〉 , (26)
dte
b
n = T
b
n = 〈W(U,B)−W(B,U)|Bn〉 . (27)
The quantity T un orresponds to the energy transferred
into the veloity eld in shell sn and oming from either
the veloity or the magneti elds. Sine the rst term of
equation (26) onserves the total kineti energy (f. (18)),
it is identied as the rate of energy T uun owing from the
omplete veloity eld into the veloity eld in the n-th
shell. The seond term of (26) must then aount for the
energy oming from the magneti eld (T ubn ), i.e.,
T uun = 〈Q(U,U)|Un〉 , (28)
T ubn = −〈Q(B,B)|Un〉 . (29)
Similarly, T bn orresponds to the energy transferred into
the magneti eld in shell sn and oming from either
the veloity eld or the magneti eld. The rst term
of equation (27) onserves the total magneti energy (f.
(20)), and is identied with the rate of energy owing
from the omplete magneti eld to the magneti eld of
the n-th shell. The seond term of Eq. (27) orresponds
to the energy owing to the Bn shell from the omplete
veloity eld, i.e.,
T bbn = 〈W(U,B)|Bn〉 , (30)
T bun = −〈W(B,U)|Bn〉 . (31)
With this notation, the evolution equations for eun and
ebn beome (with dissipative and foring terms):
dte
u
n = T
uu
n + T
ub
n − 2 ν k2n eun + P fn , (32)
dte
b
n = T
bb
n + T
bu
n − 2 η k2n ebn , (33)
where P fn = 〈F|Un〉 is the kineti energy injetion rate
into the shell sn due to the external foring.
It is also onvenient to introdue the following deom-
position of the vetors of shell variables:
X<i = (x1, x2, ..., xi−1, xi, 0, ..., 0) ∈ CN , (34)
X>i = (0, 0, ..., 0, xi+1, xi+2, ..., xN ) ∈ CN , (35)
X = X<i +X
>
i . (36)
where i an take any value between 1 and N . The ki-
neti energy ontained in the vetor U<n is simply given
by EU
<
n = 〈U<n |U<n 〉/2 =
∑n
j=1 e
u
j . The magneti en-
ergy ontained in the vetor B<n is dened similarly. The
evolution of these quantities are easily derived from the
relation (32-33) :
dtE
U<
n =
n∑
j=1
T uuj +
n∑
j=1
T ubj −D<νn + P f<n , (37)
dtE
B<
n =
n∑
j=1
T bbj +
n∑
j=1
T buj −D<ηn , (38)
where P f<n = 〈F|U<n 〉 is the injetion rate of energy in
U<n due to the foring, and D
<
νn = ν 〈D(U)|U<n 〉 and
D<ηn = η 〈D(B)|B<n 〉 are the dissipative terms for U<n
and B<n respetively.
B. Energy Fluxes
The nonlinear terms in the equations (37-38) orre-
spond to the nonlinear energy uxes that enter or leave
the sphere of radius k0λ
n
. These uxes an be further
speied. Indeed, the rst sum in the right hand side
of the equation (37) omes from the quadrati Q(U,U)
term whih onserves the total kineti energy. Hene,
this rst sum must orrespond to the kineti energy ux
ΠU>U<(n) from U
>
n to U
<
n :
ΠU>U<(n) =
n∑
j=1
T uuj = 〈Q(U,U)|U<n 〉 . (39)
The anti-symmetry property for the uxes an be used
to dene the opposite transfer: ΠU<U>(n) = −ΠU>U<(n). It
simply expresses that the energy gained byU<i due to the
nonlinear interation is equal and opposite to the energy
lost by U>i . The magneti energy uxes an be similarly
dened as
ΠB>B<(n) =
n∑
j=1
T bbj = 〈W(U,B)|B<n 〉 . (40)
The ross uxes between the veloity and the magneti
eld an also be dened systematially. The seond sum
in the right hand side of equation (38) orresponds to
the ux of energy from B<n to U and readily leads to the
following denitions:
ΠUB<(n) =
n∑
j=1
T buj = −〈W(B,U)|B<n 〉 , (41)
ΠUB>(n) =
N∑
j=n+1
T buj = 〈W(B,U)|B>n 〉 . (42)
Sine these terms are linear in U, eah of them an easily
be split into two ontributions related to U<n and U
>
n
respetively:
ΠU<B<(n) = −ΠB<U<(n) = −〈W(B,U<n )|B<n 〉 , (43)
ΠU>B<(n) = −ΠB<U>(n) = −〈W(B,U>n )|B<n 〉 , (44)
ΠU<B>(n) = −ΠB>U<(n) = −〈W(B,U<n )|B>n 〉 , (45)
ΠU>B>(n) = −ΠB>U>(n) = −〈W(B,U>n )|B>n 〉 . (46)
The formula (39-46) shows that the various uxes an be
dened univoally, almost independently of the struture
of the shell model as long as the terms onserving kineti
and magneti energy have been identied. It must be
stressed that, at this stage, the exat expressions for the
nonlinear terms Q and W are not needed.
5C. Shell-to-shell energy exhanges
The expression for some of the energy exhanges be-
tween two shells may be derived from the above analysis.
For instane, the quantity T bun has been identied as the
energy ux from the entire veloity eld to the magneti
eld assoiated to the shell sn. The expansion (8) for U
an be inserted into the term T bun and leads to:
T bun =
N∑
m=1
−〈W(B,Um)|Bn〉 =
N∑
m=1
T bunm , (47)
where eah term in this sum an now be identied as the
shell-to-shell energy exhange rate from the veloity eld
in the shell sm to the magneti eld in the shell sn:
T bunm = −〈W(B,Um)|Bn〉 . (48)
Similarly, by inserting the expansion (8) for B into the
term T bbn , it is possible to identify the shell-to-shell energy
exhange rate from the magneti eld in the shell sm to
the magneti eld in the shell sn as follows:
T bbmn = 〈W(U,Bm)|Bn〉 , (49)
Sine the quantities T xynm are a shell-to-shell energy ex-
hange rate (the notation xy is referred to as general
exhange and it an take values uu, ub, bu or bb), the
following anti-symmetry property is to be satised:
T xymn = −T yxnm. (50)
It is worth mentioning that the present analysis does
not lead to a simple denition of the shell-to-shell kineti
energy exhanges T uunm. This is due to the presene of
three veloity variables in the expression for the U-to-U
transfers that prevents a simple identiation of the ori-
gin of the kineti energy ux. Nevertheless, onsidering
the relation (25), the quantity T uun (28) an be rewritten
as follows:
T uun = 〈W(U,U)|Un〉 , (51)
and, by analogy with the expression (49), it is reasonable
to adopt the following denition:
T uunm = 〈W(U,Um)|Un〉 . (52)
The shell-to-shell energy exhanges give a more rened
piture of the dynamis in the shell model than the uxes.
It is thus expeted that these uxes an be reonstruted
from all the T xynm. The general formula are given by:
ΠY <X>(n) =
N∑
i=n+1
n∑
j=1
T xyij , (53)
ΠY <X<(n) =
n∑
i=1
n∑
j=1
T xyij , (54)
ΠY >X>(n) =
N∑
i=n+1
N∑
j=n+1
T xyij . (55)
As a diret onsequene of the property (50), the same
anti-symmetry property holds for the energy uxes.
In the next setion we will fous on a spei model
adopted by Stepanov and Plunian [12℄. We will derive
the formulas for the energy uxes and ompute them
numerially.
IV. STUDY OF A GOY SHELL MODEL FOR
MHD TURBULENCE
A. Derivation of the shell model
The results derived in Setions II and III are valid for
any shell model for MHD that use only one omplex num-
ber per shell for eah eld (veloity and magneti) and for
whih the properties (1-3) are satised. As long as the
vortiity and the magneti potential vetor have not been
dened expliitly, it is not possible to speify further the
exat struture of the shell model, i.e. the struture of
the nonlinear terms Q and W. In this setion, we revisit
the GOY-like shell model for MHD turbulene studied
by Stepanov and Plunian [12℄, and apply the formalism
disussed in Setions II and III to this model. The shell
model is dened by the following expressions for the non-
linear Q and W terms:
qn(X,X) = ikn(α1x
∗
n+1x
∗
n+2 + α2x
∗
n−1x
∗
n+1
+ α3x
∗
n−2x
∗
n−1) , (56)
wn(X,Y ) = ikn(β1x
∗
n+1y
∗
n+2 + β2x
∗
n−1y
∗
n+1
+ β3x
∗
n−2y
∗
n−1 + β4y
∗
n+1x
∗
n+2
+ β5y
∗
n−1x
∗
n+1 + β6y
∗
n−2x
∗
n−1) . (57)
This shell model is fully determined if the following de-
nitions for the vortiity and the magneti potential vetor
are also adopted:
oi = (−1)iuiki , (58)
ai = (−1)ibi/ki . (59)
Imposing the onditions derived in the previous setion
from the various onservation laws (18, 19, 20, 23 and
24) lead to the following values of the parameters αi and
βi:
α2 = −α1λ− 1
λ2
α3 = −α1 1
λ3
β1 = α1
λ2 + λ+ 1
2λ(λ+ 1)
β2 = −α1 λ
2 − λ− 1
2λ2(λ + 1)
β3 = α1
λ2 − λ− 1
2λ3(λ+ 1)
β4 = α1
λ2 + λ− 1
2λ(λ+ 1)
β5 = −α1 λ
2 + λ− 1
2λ2(λ+ 1)
β6 = −α1 λ
2 + λ+ 1
2λ3(λ + 1)
As disussed at the end of Setion II, this shell model
also satises the onstraint (25). It is indeed easy to ver-
ify that these parameters satisfy the following equalities:
β1 + β4 = α1, β2 + β5 = α2 and β3 + β6 = α3.
6In order to verify that the model derived here is exatly
the same as the model disussed in [12℄, the dynamial
system (10-11) an then be rewritten after a few algebrai
manipulations as
dtun = ikn
(
pn(U,U) − pn(B,B)
)
− νk2nun + fn (60)
dtbn = ikn
(
vn(U,B)− vn(B,U)
)
− ηk2nbn (61)
where
pn(X,X) = α1
(
x∗n+1x
∗
n+2 −
λ− 1
λ2
x∗n−1x
∗
n+1
− 1
λ3
x∗n−2x
∗
n−1
)
, (62)
vn(X,Y) =
α1
λ(λ + 1)
(
x∗n+1y
∗
n+2 + x
∗
n−1y
∗
n+1
+ x∗n−2y
∗
n−1
)
. (63)
With these oeients, the model (60-61) is learly the
same as the one derived by Plunian and Stepanov [12℄.
Our interpretation of some of the shell-to-shell energy ex-
hanges and the energy uxes derived in the Setion III
and omputed in the next setion diers from those of
Stepanov and Plunian [12℄. When we ompare the two
approahes arefully, we nd that the veloity to veloity
energy ux ΠU<U> and the total uxes are the same for
both the formalism, but other uxes involving the mag-
neti eld are dierent. This is due to the fat that the
omplete funtion W is never omputed in [12℄ beause
the property 2 was not used expliitly in the derivation
of the shell model. In partiular, the part of the bilinear
term that onserves the magneti energy in the magneti
eld equation was not identied. It was not needed to
derive ompletely the model oeient. However, this
identiation is needed if the energy uxes have to be
dened unambiguously, whih is the main objetive of
this work, but not of the approah developed by Plunian
and Stepanov.
B. Numerial results
In order to ompute the energy uxes, we simulate the
shell model (60-61) with ν = 10−9 and η = 10−6. The
magneti Prandtl number is then PM = ν/η = 10
−3
.
The shells ratio is taken to be the golden mean: λ =
(1+
√
5)/2. We take the number of shells as N = 36 and
apply non-helial foring to s4, s5 and s6 aording to
the sheme presribed by Stepanov and Plunian [12℄. The
energy injetion rate ǫ is 1. We evolve the shell model till
our system reahes a steady-state, and then we ompute
the energy uxes by averaging over many time frames.
Up to slight dierenes due to the time steps or the initial
onditions, several steady state results obtained from our
simulation very well reprodue the results presented by
Plunian and Stepanov [12℄.
In Fig. 1 we present some of the energy uxes as a
funtion of wavenumber. We present the energy uxes
ΠU<U>(n), Π
U<
B>(n) and Π
U<
B<(n) that are the rate of energy
leaving a wavenumber sphere of radius kn. In addition
we also report the energy uxes ΠU<B< and Π
U<
all that are
dened as
ΠU<B = Π
U<
B< +Π
U<
B> , (64)
ΠU<
all
= ΠU<U> +Π
U<
B< +Π
U<
B> = Π
U<
B +Π
U<
U> , (65)
Finally, the total energy ux Π<> leaving the sphere of
wave vetor smaller than kn, from either the veloity or
the magneti eld, is also presented on Figure 1:
Π<> = Π
U<
U> +Π
U<
B> +Π
B<
U> +Π
B<
B> , (66)
Our energy uxes Π<> and Π
U<
U> are in good agreement
with the orresponding uxes reported by Stepanov and
Plunian [12℄, whih is expeted sine these uxes are om-
puted by equivalent shemes in both these work. However
the energy uxes from the veloity eld to the magneti
eld and vie versa do not math beause these uxes are
omputed dierently in these shemes. Our ux formulas
have the advantage of being dened by a more systemati
method ompared to that of Stepanov and Plunian [12℄.
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Figure 1: Energy uxes in funtion of the logarithm of kn.
ν = 10
−9
and PM = 10
−3
.
We also ompute kineti, magneti, and total energy
spetra in the steady-state. We observe that till k ∼ 104
both the kineti and magneti energy show power law
behaviour with -2/3 spetral exponent onsistent with
Kolmogorov's spetrum (Fig. 2). After k ∼ 104, the
magneti energy deays exponentially due to the Joule
dissipation, while the kineti energy ontinues to exhibit
power law behaviour with the same spetral exponent
of -2/3. Stepanov and Plunian [12℄ report two dierent
spetral regimes at steady state. They report -1 spetral
exponent at lower wavenumbers for both veloity and
magneti eld. For higher wavenumbers, they report ex-
ponential deay for the magneti energy and -2/3 spetral
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Figure 2: Kineti and magneti energy spetra ν = 10
−9
and
PM = 10
−3
.
index for the kineti energy. Our result diers from that
of Stepanov and Plunian at lower waveumbers. We be-
lieve this disrepany is possibly due to a short range of
wavenumbers that makes the determination of the expo-
nent quite diult.
To understand the two spetral regimes better we fo-
us on the energy uxes in these regimes. In the rst
regime (the lower wavenumber), the energy ux ΠU<
all
and Π<> are approximately equal. The kineti and mag-
neti energy spetra show that both the veloity and the
magneti eld are ative in this regime. Hene it is rea-
sonable to expet Kolmogorov-like energy spetrum for
MHD turbulene aording to the existing MHD tur-
bulene phenomenologies (for review, see [14℄). In the
seond regime (the larger wavenumbers), the magneti
eld is damped heavily by Joule dissipation, while the
veloity eld evolves aording to the nonlinear term
Q(U,U) whih orresponds to the onvetive nonlinear-
ity u · ∇u. Hene the turbulene here is almost purely
hydrodynamis exept that U< shells still supply energy
ux to the magneti shells of the dissipative regime (small
amplitudes). Therefore, it is reasonable to expet Kol-
mogorov's energy spetrum for the veloity eld in this
regime as well but with a smaller energy ux. Hene, our
energy spetra and energy uxes shown in Figs. 1 and 2
are onsistent sine they exhibit almost the same slope
but dierent amplitudes.
In the following setion we summarize our results.
V. CONCLUSION
A general derivation of shell models for MHD has
been proposed. The onservation of the traditional ideal
invariants of three-dimensional MHD turbulene is ex-
pressed as general onstraints that must be satised by
the nonlinear terms in the shell model. The onservation
of the kineti heliity and kineti energy by the hydrody-
nami shell model in absene of magneti eld also leads
to onstraints on the nonlinearities. The similarity be-
tween the original MHD equations and the shell model
is pushed one step further by identifying one term in the
magneti eld equation in the shell model that onserves
the magneti energy. It orresponds to the advetion
of magneti eld by the veloity in the MHD equations.
This proedure is presented using a very general formal-
ism whih leads to a number of interesting results.
We show that the onservation of the ross heliity
and the onservation of the total energy are equivalent
in shell models. This equivalene is a diret onsequene
of the symmetries of the MHD equations expressed by
the general properties 1-3 presented in Setion II.
The expressions for the energy uxes that are valid in-
dependently of the spei struture of the nonlinear ou-
plings between the shell variables have been derived. The
knowledge of these uxes is quite important when the
shell models are used to explore dynamo regime. These
expressions ould even be used to derive shell models that
would maximise or minimise ertain energy transfers de-
pending on the physis that has to be modelled.
Also, expressions for the shell-to-shell energy ex-
hanges are derived. Like in the original MHD equa-
tions, the energy exhange mehanisms in shell models
unavoidably involve three degrees of freedom (triadi in-
teration) [13, 14, 18, 19, 20, 21, 22, 23℄. It is thus not
obvious to derive expression for shell-to-shell energy ex-
hanges that are viewed as energy transfers between only
two degrees of freedom. Nevertheless, the formalism pre-
sented in Setion II yields a very natural identiation of
most of these energy exhanges. The only exeption on-
erns the U-to-U energy exhanges. A simple expression
is however also proposed for these quantities by analogy
with the B-to-B energy exhanges.
Another property of the formalism presented here is
the lear separation between the treatment of the on-
servation law and the assumptions that have to be made
to dene both the magneti and for the kineti helii-
ties. Beause these heliities involve quantities that are
dened using the url operator, they are not very well
adapted to shell models. It is thus quite appropriate to
learly present the expressions for the vortiity and the
magneti potential as additional assumptions required to
fully speify the struture of the shell model.
The proedure has been applied to a spei lass of
shell models based on rst neighbour ouplings, know as
8the GOY model. It has been shown that the general
onstraints naturally leads to the already derived GOY-
MHD shell model [12℄. However, the interpretation of
the energy uxes appears to be simpler in the present
formalism.
Several extensions to this work ould be onsidered.
Shell models using distant interations between the shell
variables [17℄ ould be analysed using the same formal-
ism. Also, despite the fat that the presentation has
been made for shell models with one omplex number per
shell and per eld (veloity and magneti), extending the
present formalism to shell models with more degrees of
freedom should be quite obvious. Finally, it would be
interesting to explore other shell models based on alter-
native denitions for both the vortiity and the magneti
potential.
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